We introduce here a classification of unimodal maps [0, 1] → [0, 1], which commute with piecewise linear surjective maps [0, 1] → [0, 1]. 1 2 3
Introduction
We will study in this article continuous piecewise linear functions from an interval to itself. For a finite sequence of points A 1 , . . . , A k of cartesian plane write g :
for a continuous function, whose graph passes through A 1 , . . . , A k , and is linear at all other points of its domain. For example, where v ∈ (0, 1) is a parameter, the function g l is increasing, the function g r is decreasing, and g(0) = g(1) = 1 − g(v) = 0.
We will say that unimodal map g commutes with a map ψ, if
This work was motivated by the idea, taken from [1] , to illustrate the topological conjugacy of the tent map and the logistic map (see fig. 1 ). 1 This work is partially supported by FAPESP (São Paulo, Brazil). 2
The main example
Let f : (0, 0) → (1/2, 1) → (1, 0) be the tent map and ψ 3 : (0, 0) → (1/3, 1) → (2/3, 0) → (1, 1).
These maps commute, because it is easy to see that Notice, that it is quire easy to conclude only from Figure 2 that f and ψ 3 really commute. For this purpose plot all "top" and "bottom" trajectories, which path through all kinks of either f , or ψ 3 . After this process, we cover the plot by the lattice (see Fig. 3 ). Now claim that functions f and ψ 3 commute because the graph of each of them pathes consequently through pairs of consequent knots of the obtained lattice. Moreover, the last is the criterium of the commutativity of two functions.
The unique think, which is necessary to check for the conclusion that f and ψ 3 commute is that correspond vertical and horizontal lines really connect the kinks, as on the graph or, in other words, that the lines of the graph on This explicit representation of f and ψ 3 provides the necessary verification of the commutativity of the functions.
We will formalize this construction below.
The main construction of the classification
Suppose that g is a unimodal map, and ψ k (k 2) is continuous piecewise linear map, whose graph consists of k monotone branches such that ψ k (I) = [0, 1] on each domain I. Moreover, ψ k (0) = 0.
Suppose that Suppose that the complete lattice of g and ψ k contains n basic lattice, which correspond to the typical case. This mean that it is constructed:
1. 2n + 2 horizontal positive lines (2n are from n "typical cases", 1 is from the maximum point of g and 1 from ordinate 1).
2. kn + k horizontal negative lines (each of n "typical cases" gives 1 positive vertical line;
Each of these n positive vertical lines gives k negative horizontal lines; after this we have k more negative horizontal lines from "non-typical cases").
3. n + 1 vertical positive lines (n positive vertical lines come from n "typical cases" and 1 more cone from "non-typical"). Notice that in this case each basic lattice consists of lines with the following numbers:
1. horizontal lines numbers t and 2n
vertical line number t;
4. vertical lines numbers −t, −(t + 2(2n + 1 − t)), −(t + 2(2n + 1 − t) + 2t), . . ..
By the construction, each basic lattice contains at least one kink of some function.
Thus, we can consider the converse problem.
Suppose k and n are fixed, and correspond number of positive and negative vertical and horizontal lines is given. Suppose that points, which should be kinks of graphs, are chosen such that each basic lattice contains at least one kink of some function (basic lattices are determined by the coordinates of lines). We can consider all the pairs of commutative functions with this lattice and kinks to be equivalent. Moreover, the problem of "good" description of functions from the same class of equivalence is natural.
Examples

Simple examples
We will consider in this section some examples of lattices, and for each of them will describe all the maps, which satisfy it. It will be k = 3 in all examples in this section. During this section denote γ 1 , γ 2 , . . . the tangents of consequent linear parts of g, and denote s 1 , s 2 , . . . the tangents of consequent linear parts of ψ 3 . It follows from (3.1), considered consequently for all x ∈ (0, 1), that
(4.1)
It follows from (4.5) that
Plugging (4.6) into (4.2) obtain
Now, (4.1) and (4.7) imply
whence γ 2 = −γ 1 and g is the map is the tent map.
Proposition 1. Let the lattice be as at the Figure 6 . Then g is the tent map.
Example 4.2. Suppose that the lattice is as at the Figure 7 .
(4.9) s 2 · γ 4 = γ 2 · s 4 , (4.10)
and
Proof. and
Proof. Plug (4.21) and (4.22) into (4.14) and obtain
After simplification write
Since γ 1 > 0 and γ 3 < 0, then (4.24) follows.
Plug (4.19) and (4.23) into (4.17)
Plug now (4.24), which is already proved, into (4.26) and (4.25) follows.
Continuing of being inside that case when the lattice is as from the Figure 7 , suppose that a is the y-coordinate of the first kink of g. Since the length of the domain of g equals 1, then
Since the length of the domain of ψ equals to 1, then
Now we have 
and γ 2 can be considered as an arbitrary positive parameter.
Example 4.5. Suppose that the lattice is as at the Figure 8 .
Lemma 4.6. If the lattice is as on the Figure 8 , then
29)
s 3 · γ 4 = γ 2 · s 5 , (4.30) 
(4.33)
and s 6 · γ 4 = γ 4 · s 1 .
(4.37)
Relation (4.27) implies
(4.38)
Relations (4.28) and (4.38) imply
(4.39)
Relations (4.29) and (4.38) imply
(4.40)
Relations (4.30) and (4.39) imply
(4.41)
Relations (4.31) and (4.39) imply
(4.42)
Relations (4.32), (4.40) and (4.42) imply
which is equivalent to
(4.43)
Relations (4.33), (4.40) and (4.41) imply
(4.44)
Relations (4.34), (4.40) and (4.41) imply
Proposition 3. Let the lattice be as at the Figure 8 . Then g is the tent map.
Example 4.7. Suppose that the lattice is as on the Figure 9 .
Lemma 4.8. Suppose that the lattice is as on the Figure 9 , then s 1 · γ 2 = γ 1 · s 2 , (4.46) s 3 · γ 6 = γ 2 · s 6 , (4.50) s 4 · γ 6 = γ 2 · s 7 , (4.51) s 5 · γ 5 = γ 3 · s 8 , (4.52) s 5 · γ 4 = γ 3 · s 9 , (4.53) s 5 · γ 3 = γ 4 · s 9 , (4.54) s 6 · γ 2 = γ 4 · s 8 , (4.55) s 6 · γ 1 = γ 5 · s 7 , (4.56) s 7 · γ 1 = γ 5 · s 6 , (4.57) s 7 · γ 2 = γ 5 · s 5 , (4.58) s 8 · γ 3 = γ 6 · s 4 , (4.59) s 8 · γ 4 = γ 6 · s 3 , (4.60) s 8 · γ 5 = γ 6 · s 2 , (4.61) s 9 · γ 6 = γ 6 · s 1 .
(4.62)
Relation (4.46) implies
(4.63)
Due to (4.63), rewrite (4.47) as
Due to (4.63) rewrite (4.48) as
Due to (4.63) rewrite (4.49)
Due to (4.47a) rewrite (4.50)
Due to (4.48a) rewrite (4.51)
Due to (4.49a) rewrite (4.52)
Due to (4.49a) rewrite (4.53)
(4.53a)
Due to (4.49a) and (4.53a) rewrite (4.54)
Due to (4.50a) and (4.52a) rewrite (4.55)
and, by (4.54a),
(4.55a)
Due to (4.50a) and (4.51a) rewrite (4.56)
By (4.54a)
Due to (4.50a) and (4.51a) rewrite (4.57)
which is trivial by (4.54a) and (4.56a).
Due to (4.49a) and (4.51a) rewrite (4.58)
By (4.54a) and (4.56a) continue
Due to (4.48a) and (4.52a) rewrite (4.59)
which follows from (4.54a), (4.56a) and (4.58a).
Due to (4.47a) and (4.52a) rewrite (4.60)
which, by (4.58a) is γ 4 · (γ 5 ) 2 = −(γ 1 ) 2 · γ 3 , and follows from (4.54a) and (4.56a).
Due to (4.63) and (4.52a) rewrite (4.61)
Finally, rewrite (4.62) as
Denote by a and b the y-lengthes of the first two parts of linearity of g. Then, similarly as it was done in the analysis of Figure 7 , write.
Plug (4.56a) into (4.65), whence
By (4.66a), rewrite (4.64) as
Substitute (4.64a) and (4.66b) into (4.65a)
Thus, rewrite (4.64a) and (4.66b)
Also rewrite (4.58a)
By (4.54a), continue
By (4.56a) write
By (4.58a),
By (4.65b) rewrite
By (4.64b) and (4.66c) we have
16 + 8 · γ 2 + 2 · γ 2 · γ 3 4 · γ 2 + γ 2 · γ 3 + 8 + 1 = s 1 .
(4.67b)
(4.63a)
3 · γ 2 · γ 3 4 (4.47b)
Proposition 4. Let the lattice be as at the Figure 9 . Denote by a and b the y-lengthes of the first two parts of linearity of g, and γ 1 , . . . , γ 6 the slopes of g. Then
One more complicated example
During previous examples, we have considered some lattices, and have described the general form of the correspond map g : [0, 1] → [0, 1]. Naturally, we have started with Suppose that h is the piecewise conjugacy, whose graph connects points (0, 0),
and (1, 1). Let
Our direct computations show that g satisfies the lattice from Figure 10 . Example 4.9. Suppose that g is an arbitrary map, which satisfies the lattice from Figure 10 .
If g satisfied the lattice from Figure 10 , then s 1 · γ 2 = γ 1 · s 2 (4.68)
s 3 · γ 5 = γ 2 · s 6 (4.73)
s 5 · γ 1 = γ 4 · s 4 (4.79) s 6 · γ 1 = γ 5 · s 4 (4.80) s 6 · γ 2 = γ 5 · s 3 (4.81) s 6 · γ 3 = γ 5 · s 2 (4.82) s 6 · γ 4 = γ 5 · s 1 (4.83) s 7 · γ 5 = γ 5 · s 1 (4.84)
By (4.71), (4.85) and (4.87) write
By (4.72) and (4.86) write
Now by (4.88),
(4.89)
By (4.73), (4.86) write
(4.90)
By (4.74) and (4.87)
Now by (4.90),
(4.91)
Due to the latter equality rewrite (4.87), (4.88) (4.89) and (4.90) as
(4.95)
Due to (4.92) and (4.95) rewrite (4.75)
(4.96)
Due to (4.92) and (4.96) rewrite (4.76) as
which, from the geometrical reasonings means
(4.97)
Rewrite now (4.86), (4.91), (4.92), (4.93), (4.94), (4.95) and (4.96) as
By (4.97), (4.100) and (4.103) rewrite (4.77) as
which is trivial.
By (4.99), (4.100) and (4.102) rewrite (4.78) as
By (4.99), (4.100) and (4.102) rewrite (4.79)
By (4.100), (4.101) and (4.103) rewrite (4.80) as
By (4.98), (4.101) and (4.103) rewrite (4.81) as
By (4.98), (4.101), (4.97) and (4.103) rewrite (4.82) as
By (4.99), (4.101), and (4.103) rewrite (4.83) as
Equation (4.84) is equivalent to
which follows from (4.104).
Denote a and b the y-lengthes of least and pre-last parts of linearity of g respectively. Then, since the length of the domain of g equals 1, we have Plug (4.109) into (4.106) and obtain a + 2 1 − a·γ 2 (γ 1 ) 2 − a γ 1 + 2 1 − a − 1 − a·γ 2 (γ 1 ) 2 − a γ 2 + a · γ 2 (γ 1 ) 2 = 1.
(4.110) 2 − 2a·γ 2 (γ 1 ) 2 − a γ 1 + 2·a·γ 2 (γ 1 ) 2 γ 2 + a · γ 2 (γ 1 ) 2 = 1.
− 2a · γ 2 (γ 1 ) 3 − a γ 1 + 2 · a (γ 1 ) 2 + a · γ 2 (γ 1 ) 2 = 1 − 2 γ 1 .
a · −2 · γ 2 − (γ 1 ) 2 + 2 · γ 1 + γ 1 · γ 2 (γ 1 ) 3 = 1 − 2 γ 1 .
a · (γ 2 − γ 1 ) · (γ 1 − 2) (γ 1 ) 3 = γ 1 − 2 γ 1 .
Thus, either
or (which is much more interesting) a = (γ 1 ) 2 γ 2 − γ 1 (4.111)
Plug (4.111) into (4.109) and obtain
Thus, Moreover, γ 2 > 0 and a ∈ (0, 1) can be considered as an arbitrary parameters.
